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ABSTRACT 


We report on some recent investigations of the structure of the four dimensional gauged su¬ 
pergravity Eagrangian which emerges from flux and Scherk-Schwarz compactifications in higher 
dimensions. Special attention is given to the gauge structure of M-theory compactified on a seven 
torus with 4-form and geometrical (spin connection) fluxes turned on. A class of vacua, with flat 
space-time and described by “no-scale” supergravity models, is analyzed. 


*To appear in the proceedings of the Conference on “Quantum Theory and Symmetries IV”, Verna, Bulgaria, August 
2005 . 
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1 Introduction 

New massive deformations of “extended” supergravity theories have reeently been investigated in 
the eontext of flux eompaetifieations from higher dimensional theories. The latter eorrespond to 
superstring or M-theory vaeua with some p-form field strength turned on along the eompaetified 
directions [1]- [31]. In a more sophisticated mathematical language they correspond to fluxes 
when the p-form is integrated on a p-cycle in the internal manifold. 

The presence of fluxes determines indeed a non-trivial scalar potential [1] in the effective 
low-energy supergravity, which defines in some cases vacua with vanishing cosmological con¬ 
stant (at tree level), in which spontaneous (partial) supersymmetry breaking may occur and (some 
of) the moduli of the internal manifold are fixed. In fact theories with vanishing cosmological 
constant are generalized no-scale models, which were studied long ago in the pure supergravity 
context [32, 33]. The presence of fluxes also gives rise in the low-energy supergravity to local 
symmetries gauged by vector fields Supergravity models with such gauge symmetries (gauged 
supergravities) have been extensively studied in the literature [34]- [35], also in connection to flux 
eompaetifieations or Scherk-Schwarz dimensional reduction [25], [36]- [50]. Actually in extended 
supergravities {N > 2) the gauging procedure, which consists in promoting a global symmetry 
group of the Lagrangian to local invariance, is the only way for introducing a non-trivial scalar 
potential without explicitly breaking supersymmetry. The global symmetry group of extended 
supergravities is the isometry group G of the scalar manifold, whose non-linear action on the 
scalar fields is associated with an electric/magnetic duality action on the Uy vector field strengths 
and their duals [51]. This duality transformation is required in four dimensions to be symplectic 
and thus is defined by the embedding of G inside Sp(2n„,M). Gauge symmetries deriving from 
flux eompaetifieations typically are related to non-semisimple Lie groups ^ containing abelian 
translational isometries acting on axionic fields which originate from ten dimensional R-R forms 
C(p) (p = 0,2,4 for Type IIB) or the NS 2-form i?( 2 )- The embedding of ^ inside G is de¬ 
fined at the level of the corresponding Lie algebras by the flux tensors themselves, which play the 
mathematical role of an embedding matrix [35]. 

No-scale models arising from flux eompaetifieations or Scherk-Schwarz dimensional reduc¬ 
tion give rise to a semi-positive definite scalar potential which has an interpretation in terms of an 
A^-extended gauged supergravity in four dimensions. Let us recall the general form of such scalar 
potential y(4>), denoting collectively the scalar fields, [52-54]: 

= -^S^^Sbc + N^^Nib , ( 1 . 1 ) 

where Sab = Sba, and appear in the gravitino and spin 1/2 supersymmetry transformations 

H- (1-2) 

= N^\a + ■■■ , (1-3) 

and give rise in the supergravity Lagrangian to the following terms: 

= + + iN^^Xn>^^ijfyA-v{<i>). (1.4) 

^In four dimensional supergravities coupled to linear multiplets, fluxes may give rise to more general couplings. 
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Flat space demands that on the extremes dV/d^ = 0 the potential vanishes, so 

sY^S^^Sca = VA, (1.5) 

c I 

The first term in the potential ( fO is the square of the gravitino mass matrix. It is hermitian, so 
it can be diagonalized by a unitary transformation. Assume that it is already diagonal, then the 
eigenvalue in the entry (Aq, Aq) is non zero if and only if ^ 0 for some I. On the other 

hand, if the gravitino mass matrix vanishes then must be zero. 

For no-scale models [32,33], there is a subset of fields for which 

Sc A = (1-6) 

c r 

at any point in the scalar manifold ^scai- This implies that the potential is given by 

F($) = (1.7) 

i^i' 

and it is manifestly positive definite. Zero vacuum energy on a point of ^scai implies that = 
0, I ^ P at that point. This happens independently of the number of unbroken supersymmetries, 
which is controlled by 

In the sequel we shall discuss no-scale models as they originate from M-theory compactifica- 
tions on a twisted seven-torus with 4-form flux, 7-form flux and geometrical flux [27]- [31], [55]- 
[58]. 

A twisted torus corresponds, in this framework, to the so called Scherk-Schwarz compactifi- 
cation, i.e. to the replacement of a flat torus with a seven-dimensional group-manifold whose 
structure constants tjj^ (from now on the capital latin indices label the seven directions of the 
internal torus: I, J, M, N... = 1,... ,7) determine the Lie algebra of the “graviphoton fields” A^ 
associated with the Kaluza-Klein mixed components of the metric 57 ^. The corresponding four 
dimensional curvatures are therefore: 

= dA^ + ^ tkl^ A . (1.8) 

The internal curvature of the eleven dimensional 3-form field is given by: 

^LJKL — — 9 IJKL — -T[IJ^ Ckl]M , (T9) 

while the external (space-time) components of the same field strength read: 

- qijklA^ aA-^ AA^ aA^ - Bi AF^ , (1.10) 

where denote the (non-propagating) four dimensional 3-form field and are the seven 
antisymmetric tensor fields originating from the dimensional reduction of The constants 

giJKL, Tij^ are bounded to satisfy the following relations: 

Ti/ = 0 ; Tk]M^ = ^T[IJ^ gKLM]P = 0 ■ 


( 1 . 11 ) 


2 THE EQUATIONS OE MOTION AND THE POTENTIAE 


3 


These constraints ensure that, when massive antisymmetric tensors are suitably dualized to mas¬ 
sive vector fields, so that the M-theory m D = A admits a global (on-shell) £7(7) symme¬ 
try, a 28-dimensional Lie algebra is gauged, whose structure constants are given in terms of 
giJKL, Tij^ and g (where g is the flux associated with the space-time components of the 4— 
form: oc g e^j^ypa). In section 2 we discuss the equations of motion and the potential of 

M-theory compactification on a twisted torus with internal fluxes turned on. In section 3 we dis¬ 
cuss flat vacua and the correspondence to the Scherk-Schwarz breaking. In section 4 we discuss 
these results in terms of the gauging of a subalgebra of £ 7 ( 7 ). We refer the reader to the appendix 
for a description of the dual gauge algebra as a subalgebra of £ 7 ( 7 ). 


2 The equations of motion and the potential 


The bosonic equations of motion of M-theory can be obtained by varying the Lagrangian with 
respect to the vielbein 1-form V°‘ and the 3-form . 

The g^v, Gjj and A^ field equations come from the eleven dimensional Einstein equations: 


2 9pi' — 

Tpu , 

1 


Rpi + 2 9pi R = 

Tpi, 

Rij + 2 R = 

Tij, 


( 2 . 1 ) 


where g^j = Gjj Aj^ and Gjj are the coordinates of GL(7)/SO(7)^. The tensor T is the energy 
momentum tensor of the 4-form. Incidentally we remark that in this formulation the i?-symmetry 
of the corresponding N = 8 supergravity is Spin{7), the eleven dimensional gravitino gives rise 
to eight gravitinos which are in the eight-dimensional spinorial representation and to spin 1/2 
which transform in the 8 -|- 48 of the same group. 

The 3-form field equations read as follows:^ 


A 

4 


( 2 . 2 ) 


Since in this paper we are mainly concerned with the general form of the scalar potential coming 
from the twist and the fluxes, we will carefully analyze this equation only for those entries which 
receive contributions from the scalar potential [57]. Let us write the dual of the field equations 
originating from the Euler-Lagrange equations for A^i^p and Gjjk- The first equation allows us to 
integrate out the Apup field in a manner which we shall explain in a moment. This integration gives 
an extra contribution to the scalar potential coming from the Chern-Simons term. The second 
equation contains the derivative of the vacuum energy with respect to Gjjk and contributes to the 
equation of motion of the Gjjk scalar. 

Let us define the following 4—D scalar quantity: 


P = 


1 

7^9 


p(4) 


(2.3) 


^In our notations Gij is a positive definite matrix and we adopt the “mostly minus” convention for the space-time 
metric. 

"^For the eleven dimensional equations we are using the conventions and notations of reference [59] 
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where was defined in eq. (ll.lOb . For the purpose of computing the scalar potential, only 

the part of will be relevant. The A^up field equation then reads: 

diVjP) = , (2.4) 

where the field strength f) is defined as follows [57]: 

Fuk = Si^'^^CijK - Tyij^ Ak]l + ^giJKL A^ , (2.5) 

the covariant derivative corresponding to the gauge connection defined by tjj^ and Ajj 
being the 21 vector fields originating from For our purposes we shall also restrict ourselves 
to the term in Equation (12.4b implies that its right hand side is a closed form. In 

fact the crucial ingredient is that the term F^j^ is an exact form on the twisted 

torus with fluxes, and it can be written as 

+ + , (2.6) 


where the integration constant g [60] is actually related to the dual gauge algebra in the £ 7 ( 7 ) 
covariant formulation described in [56]. From this we get the value of V 7 P to be: 


1^7F = (^CijK {gLPQR + 


Note the important identity: 


Ft 


SP 

SCijK 


JJKLPQR p(0) 

4 ^ ^LPQR■ 


(2.7) 


( 2 . 8 ) 


Let us now turn to considering the equation of motion for the Cjjk fields. They read: 

dp (Ft d,Cj,j,j,) = 

By using equations (12.7b and (12.8b and the fact that: 

SCpQR 

equation can be rewritten in the form: 

dp{VrV^G^^FGJ^J^GFFg>^-d^Gj,j,j,) = A^g , ( 2 . 11 ) 

oGpi^i^ 

where the C/j/r-dependent part of the potential is: 


-I Ft Fi2h]PQ (2.9) 

qJP l?(0)QR]IJ 20 


Fc 


(Fijk (gLPQR + ^T^^pGQRiN)^^'^^^^^^ + g^ + 

_i_ ^ T/ niM r'JN nKP r^Q 

F PIJKL P MNPQ^ (j Or Or , 


( 2 . 12 ) 
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where is given in eq. (I1.9t . One can easily compute the scalar potential in the Einstein 

frame by noting that 

( 2 - 13 ) 

Therefore in this frame, the potential becomes multiplied by an overall ( 1 / 7 )“^. 

The full scalar potential in the Einstein frame is thus obtained by adding to Vc the Scherk- 
Schwarz purely G-dependent part originating from the eleven-dimensional Einstein term. It is 
useful to write the entire potential as the following sum: 

E = Ve + Vk + Vc-s, ( 2 . 14 ) 

where the three terms on the right hand side originate from the eleven dimensional Einsten, kinetic 
and Chern-Simons terms respectively, and are found to have the following expression: 

Ee = — {20^^ tk/ tli^ + Gir G'^'^ G^^ tjk^ ^ , 

Eif = Y0 7! 2 + 2''■[MAT E'pqje) , 

Vc-S = (^C!ijk {gLPQR ++ 9^ ■ ( 2 . 15 ) 

Recall that in our conventions Gjj is a positive definite matrix. Note that for r = p = 0 we just 
get a positive cosmological constant, as noted in [60]. 

3 Flat group vacua of the potential 

The scalar potential in dm and (US has the property that Vk > 0 , Vc-s E 0 while Ve 
has no definite sign [25]. Therefore in general we may have vacua with different signs of the 
cosmological constant. 

Erom inspection of the scalar potential, let us make some general comments on the possible 
vacua of this class of models. We start analyzing the equation SVjbCijK = 0, necessary in order 
to have a bosonic background with Cjjk = C/ji^ = constant. Because of the properties (12. 

and dTTnl this is ensured by setting = 0 or equivalently: 

gijKL +Ckl]p = 0 . ( 3 . 1 ) 

As a consequence of equation (13.1b . the 4—form flux has always a vanishing contribution (Vk = 0) 
to the vacuum energy. Next we extremize the potential with respect to the volume of the torus E7. 
Taking into account the dependence of the internal metric Gjj on E7, given by: 

Gij = {VyfrGij ; det(G) = l. (3.2) 

and using the following short-hand notation: 

b = 2 G^^tk/tl/EGieG'^'^'G^^'tjk'tek'^', 
a = Gijk {qlpqr + ^ Gqrjn) + g , 
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the two conditions 6V(6Cijk = 0 = 6V(6Vy will reduce the expression of the potential at the 
minimum Vq to: 

From the above equations we conclude that a necessary condition for a vacuum to exist is Ve < 0 
and that at the minimum 1/ < 0. This excludes the existence of a de Sitter vacuum (i.e. maximally 
symmetric space-time geometry with positive cosmological constant). 

A particular appealing class of models, which correspond to “no-scale” supergravities [32,33], 
are obtained for those gaugings for which V = D. This defines a “flat group” [25]. From equations 
(13.31) this implies that a = h = 0, namely that Ve = Vcs = 0, and that V 7 is an unfixed modulus. 
Condition Vc-s = 0 in turn implies: 

P = 0 ^ Cmnr {^ijkl F + g = 0. ( 3 . 4 ) 

The second equation can also be written as the following condition on g: 

- _ 3 g ^ P ^0 MNRIJKL .rs 

9 — '^'-'MNRFIJ '-'KL]P^ I 

where is a solution of equation (13.1b and thus depends on gijKL- This equation ensures 

that the Gjj moduli equations are the same as in the g = g = D case, because the F-contribution 
to the energy-momentum tensor vanishes in these vacua. Condition Ve = 0 on the other hand 
implies restrictions of the r matrices. These were described in the pioneering paper of ref. [25] 
for gijKL = 9 = 0- 

Summarizing, a necessary condition for our models to admit Minkowski vacua is that the 
form-fluxes gijKL and g satisfy, besides Vk = 0 also Vc-s = 0. If we associate the background 
quantities r/j^, gijKL and g with components of a larger representation of the group £ 7 ( 7 ), it 
can be shown that conditions Vk = 0 = Vq-s amounts to stating that gijKL and g can be 
generated by acting on tjj^ by means of an £ 7 ( 7 ) transformation or, equivalently, that all the 
models admitting Minkowski vacua belong to the same E 7 ( 7 )-orbit as the model with gijKL = 
g = 0 originally considered by Scherk and Schwarz, and thus share with it the same physics (mass 
spectrum etc...). Therefore there is an underlying hidden £ 7 ( 7 ) symmetry which is not manifest in 
the formulation of these models with tensor fields, but which is apparent at the level of equations 
of motion and Bianchi identities in the dual description of this compactification in which the 
antisymmetric tensor fields are replaced by scalar fields. This global symmetry however holds 
only if, besides the fields, the background quantities are transformed as well, and thus should not 
be regarded as a symmetry of the theory, but rather as a mapping between two different theories 
(a proper duality). This justifies a posteriori the aforementioned identification of the background 
quantities tjj^ , gijKL and g with parts of an £ 7 ( 7 ) representation. 

To make a concrete example, let us consider the case in which I = 0, i, i = 1,..., 6 with 
= TQiV zero otherwise, and gijKL = goijk, zero otherwise. In this case roi^ = T/ is chosen 
to be an antisymmetric matrix of rank 3 which can be set in the form: 

/mie 0 0 \ /O A 

= 0 m 2 e 0 ; e = _ . (3.6) 

\ 0 0 mae/ V ^ V 

In this context the equation (13.Ib becomes = 0 which fixes all Cijk fields but not the Coij 
scalars. The Coij fields give masses to the Aij vector fields with the exception of the three entries 
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(ij) = (1, 2), (3,4), (5, 6 ). Therefore three of the Coij sealar remain massless moduli. The Gjj- 
seetor gives, as diseussed in referenee [25], four additional massless sealars, of whieh two are the 
volume Vi and Gqo and two other eome from internal eomponents of the metrie. 

If one further diseusses the speetrum of the remaining fields, the six veetors AiQ are eaten 
by the six antisymmetrie tensors Bi beeause of the magnetie mass term in the free differential 
algebra [57]. An additional massless sealar eomes from the massless 2-form Bq and finally an 
addifional massless veefor eomes from fhe A^ Kaluza-Klein veefor. The ofher six A* veefors 
beeome massive beeause of fhe fwisfing of fhe forus. We eonelude fhaf in fhis fheory fhere are 
always eighf massless sealars and four massless veefors, in agreemenf wifh [25]. The effeef of 
fuming on g and g is nof of giving exfra masses, buf of shiffing fhe v.e.v. of fhe Cjjk fields. 
This ean be understood by an exfension of fhe flaf group where g and g play fhe role of addifional 
sfruefure eonsfanfs. In fhe nexf seefion we will reeover fhis resulf as well as fhe form of fhe 
pofenfial, from fhe underlying dualify symmefry of fhe dual formulafion of fhe fheory, in whieh all 
anfisymmefrie fensors Bj are dualized info sealars B^ and fhe £ 7 ( 7 ) symmefry is reeovered. 

4 The dual gauge algebra and its scalar potential 

We now inferpref fhe above resulf in fhe usual formulafion of fhe four dimensional fheory based 
on fhe flaf gauging [25, 36-38]. From fhe resulfs of [56] fhis amounfs fo dualizing fhose veefor 
fields whieh parfieipafe fo fhe anfi-Higgs meehanism, in our ease fhey are fhe Aq* 1-forms, whieh 
are fherefore replaeed by fheir A^* magnefie duals. The dual gauge algebra fherefore eonfains fhe 
following 28 generators: 


W^VWuZuZq. (4.1) 

wifh sfruefure eonsfanfs oblained from eq. (2.13) of [56]. The firsl 27 generalors form an abelian 
algebra, and fhe only non vanishing eommulalors are fhose involving Zq and given by: 

[Zo, Zi\ = T/' Z, - 12 + gW, 

[Zo,WP^] = -12 

[Zo,W,] = (4.2) 

where wifh respeel fo [56] fhe redefinilion g — 12p was made. This algebra defines a fial 
subalgebra of £ 7 ( 7 ) whieh fils fhe elass of models diseussed by Cremmer, Seherk and Sehwarz 
in [36] and in [37], as if was shown in [30] and in [56]. The gauged supergravily inlerprefalion 
was given in [39] and fhe eorresponding gauge algebra is fhe semidireel produel of a U(l) by a 
27-dimensional abelian algebra and is eonlained in fhe branehing of £7(7) wifh respeel fo £@(6) x 
0 ( 1 , 1 ): 


133 lo + 78o + 27'+2 + 27_2 . (4.3) 

To eompare wifh fhe geomelrieal Iwisl we furlher braneh £ 6 ( 6 ) wifh respeel to SL( 6 ) x SL(2): 

78 -> (35,1)+ (1,3)+ (20,2), (4.4) 

27 (15', 1)+ (6,2). (4.5) 

Our gauging eorresponds fo fhe following ehoiee of fhe “Iwisl malrix” (see [30] and equation 
(2.9) of [56]): 

Zo = — — Ti^ tj^' + goijk g fffo , (4.6) 
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where we have used the notations introduced in [56]. Here are the generators of the maximal 
compact subgroup of SL(6), namely S0(6), while and Iq are nilpotent generators: the for¬ 
mer belong to the (20, 2) representation in dOl with positive grading with respect to the o(l, 1) 
generator of SL(2) and the latter is the nilpotent generator of SL(2) with positive grading with 
respect to the same generator. In the same framework we now discuss the form of the scalar po¬ 
tential, which is expected not to depend on the dualization procedure. In the dual formulation this 
potential is given by [37,39,40]: 

^ Q {Pj) + i + (Po°)^) =Ve + Vk + Vc-s , (4.7) 


where 4> is the modulus associated with the 0*^ internal dimension of compactification, the hat¬ 
ted indices are rigid SO(6) indices, while the quantity Pq has value in the 42-dimensional non¬ 
compact part of the 63 ( 6 ) Lie algebra and represents the vielbein of the five-dimensional cj-model 
Ee(g)/USp(8). It is defined as follows: 

Pq = {L ^-^0 L)|non-compact I (4-8) 

where L is fhe five-dimensional cosef represenfafive which, using fhe solvable Lie algebra 
paramefrizafion of E6(g)/USp(8), can be direcfly wriffen in ferms of our scalar fields as follows: 


L 


^0 g e 


Ajk 


E ; E e 


GL(6) 

SO(6) 


(4.9) 


Direcf compufafion shows fhaf: 


p „ 
^Qij 

= 


Lq ij k 

« {90^Jk + 1 Tp- C,k]n) EjU , 


P 0 

cx igo^Jk + 1 Tp" + g . 

(4.10) 


In fhis language fhe eighf massless modes come from B^, fhree from C^ij, one from cf) and fhree 
from fhe mefric Gij. The laffer can be undersfood from fhe facf fhaf under SO(6) fhese moduli 
fransform in fhe 1 -|- 20' and fhe 20' has fwo vanishing weighfs. 
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Appendix 

We can consider fhe Ey^y) generators in fhe GL(7, M)-basis. This corresponds fo fhe branching: 

133 —> 48o -f Iq + 35+2 + 35_2 + 7_4 -|- 7+4 . 
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The coset E 7 ( 7 )/SU( 8 ) can be parametrized as follows: 

Si) = SP“"(35+2+7+4). 

In this basis the £ 7 ( 7 ) generators are: 

fMNP^ tMNPi tp, G 35+2 + 35-2 + 7+4 + 7-4 . 

[Im^, tp'^] = Sp Im^ — ^ 

[tM^, tp] — Sp tpi + - tp , 

|■^AfliV2Af3 ^PlP2T3j — ^N\N2N3PiP2PzQ 

[fju t ^PlP2P3] ^*^[Pl ^P2P3]M y ^PlP^Pi ) 

r+ N .Pi _ xP pN ^ rAf ^P 

[tM ,t\ — -dj^ t - -Oj^t , 

[tNlN2N3t tpj^P2P3] = ^NlN2N3PlP2P3Qi^ ■, 

[t^,tM] = tM^ 

= _lgMiVliV27V3PlP2P3i^^^^^^^ 

[fM, f7Vi7V2Ar3] = --eMNiN2N3PiP2P3 

where t = ■ 

The flux algebra on a twisted torus is given by a 28-dimensional Lie algebra obtained as 
follows: 

[Zm, Z]\f] = aTMN^ Zp + [5 qmnpqW^^ + pqWmn , 

[Zm, = 7 TMpt^ + a gMM,M 2 M 3 e^i^ 2 M 3 PQP 5 ^ 

[Zm,Wpq] = Stpq^Wml 

[W^\Wkl] = [Wij,Wkl]=0, 

where gijKL, pij^ satisfy the constraints discussed in the introduction and the gauge generators 
read: 

Zm = 0M,MiM2M3t^'^^'^^^ + Om,n^ tp^ + 6 m,^ In = aigMMiM2M3t^^^'^^^ + 
a2TMN tp Ea^giM, 

n P P 

= “mN, tp = CiTMN tp . 


Wmn 
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The various coefficients entering the above formulas are bound to satisfy the following relations: 


02 


Cl a 


_ 7 . _ /^ _ 1 oi 

2 ’ ^ 3 02 ’ 6 i 4 02 ’ 

2 02 62 ; = ^ ; s = a ; = — p. 

a p 02 


Note that the gauge generators , Wmn, as combinations of £ 7 ( 7 ) generators, are not linearly 
independent, but satisfy the following constraints [56]: 


^r]n — 0 

_ ClTST^W^^ , 


which ensures that at most 21 of them are independent, and thus that at most 28 vector fields 
(including the seven vectors Ajj are involved in the minimal couplings. 
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